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Perfect Crystals of $U_{q}’(D_{4}^{(3)})$
(YAMADA Daisuke)
Graduate School of Mathematical Sciences, University of Tokyo.
1 Motivation
Yang-Baxter , Drinfeld
(quantum enveloping algebra) .
Kac-Moody $\mathfrak{g}$ $q$ , (quantumn group)
. $([\mathrm{D}, \mathrm{J}])$ , Kac-Moody
(crystal base) . $([\backslash \mathrm{K}\mathrm{a}\mathrm{s}])$
,
.
, $\mathfrak{g}=A_{n},$ $B_{n},$ $C_{n},$ $D_{n}$ $U_{q}(\mathfrak{g})$
. ([KN]) , Kang Misra $\iota \mathrm{g}\mathfrak{g}=G_{2}$
. ([KM])
(perfect crystal) , 1
. ([KMNI]) Kang $\mathfrak{g}=A_{n}^{(1)},$ $B_{n}^{(1)},$
$C_{n}^{(1)},$ $D_{n}^{(1)},$ $A_{2n}^{(2)}$ ,
$A_{2n-1}^{(2)}$ , $Dn+1(2)$ $\sqrt \mathrm{f}r\mathrm{g}_{\backslash \backslash }$. . ([KMN2])
$U_{q}(G_{2}^{(1\rangle})$ crystal . ([Y]) , $\mathfrak{g}=$
$E_{n}^{(1)},$ $F_{4}^{(1)},$ $E_{6}^{(2)},$ $D_{4}^{(3)}$ .
, $U_{q}(D_{4}^{(3)})\text{ }$ crystal structure [KKM]
. $D_{4}^{(3)}$ Dynkin vertex














2 Review of Crystal






$\{\alpha_{i}\}_{i\in I}\subset \mathfrak{h}^{*}$ : simple roots,
$\{h_{i}\}_{i\in I}\subset \mathfrak{h}$ :simple coroots,
$\{\Lambda_{i}\}_{i\in I}\subset \mathfrak{h}^{*}$ :fundamental weights,
$\langle$ , $\rangle$ : $\mathfrak{h}\text{ }\mathfrak{h}^{*}\text{ }\wedge^{\mathrm{o}}7\rceil l\grave{}{}_{i}P’$ ,
$P= \sum_{i\in I}Z\Lambda_{i}$ :weight lattice,
$P^{*}=\mathrm{H}\mathrm{o}\mathrm{m}(P, Z)$ :dual weight lattice.
$U_{q}(\mathfrak{g})$ , $e_{i},$ $f_{\}.,$ $q^{h}(\mathrm{i}\in I, h\in P^{*})$ , ( )
$Q(q)$ associative .
$U_{q}(\mathfrak{g})$ . $U_{q}(\mathfrak{g})$ $M$ $\lambda\in P$ $M_{\lambda}$
$M_{\lambda}=\{u\in M|q^{h}u=q^{\langle h,\lambda\rangle\forall}u,h\in P\}$ . $M$
(integrable) .
(i) $M=\oplus_{\lambda\in P}M_{\lambda}$ .
(ii) $M$ $\mathrm{i}\in I$ $U_{q}(\mathfrak{g})_{i}$ union .
, $U_{q}(\mathfrak{g})_{i}$ $e_{i},$ $f_{i},$ $q^{h}$ $U_{q}(\mathfrak{g})$ .
$u$ $U_{q}(\mathfrak{g})$ $M$ . $u$ $u_{k}\in$
$M_{\lambda+k\alpha_{i}}\cap \mathrm{K}\mathrm{e}\mathrm{r}(e_{i})$ $\mathrm{i}\in I$ $u= \sum_{k}f_{i}^{(k)}u_{k}$
. $\tilde{e}_{i},\tilde{f_{i}}$ :
$\overline{e}_{i}u=\sum f_{i}^{(k-1\rangle}u_{k}$ , $\tilde{f_{i}}u=\sum f_{i}^{(k+1)}u_{k}$
, $f_{i}^{(k)}=f_{i}^{k}/[k]_{i}$ !, $[k]_{i}!= \prod_{m=1}^{k}[m]_{i},$ $[m]_{i}=(q_{i}^{m}-q_{i}^{-m})/(q_{i}-q_{i}^{-1})$ .
2,2 Crystal base
$Q(q)$ $A$ , $q=0$ . $(L, B)$ 7
, $U_{q}(\mathfrak{g})$ $M$ .
(C1) $L$ , $Q(q)\otimes AL\simeq M$ $M$ $A$ .
(C2) $L=\oplus_{\lambda\in P}L\lambda$ . , $L_{\lambda}=L$ $M_{\lambda}$ .
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(C3) $\tilde{e}_{i}L\subset L,\tilde{f_{i}}L\subset L(^{\forall}\mathrm{i}\in I)$ .
(C4) $B$ $Q$ $L/qL$ .
(C5) $B=\mathrm{u}\lambda\in PB_{\lambda}$ . $B_{\lambda}=B\cap(L\lambda/qL_{\lambda})$ .
(C6) $\tilde{e}_{i}B\subset B\cup\{0\},\tilde{f_{i}}B\subset B\{0\}$ . $(^{}i\in I)$
(C7) $b,$ $b’\in B$ $\mathrm{i}\in I$ , $b’=\tilde{f}_{i}b\Leftrightarrow b=\tilde{e}_{i}b’$ .
. $b\in B$ $i\in I$ ,
$\epsilon_{i}(b)=\max\{n\geq 0|\tilde{e}_{i}^{n}b\in B\}$ , $\varphi_{i}(b)=\max\{n\geq 0|\tilde{f_{i}}^{n}b\in B\}$ .
$b\in M_{\lambda}$ (b) $=\lambda$ . $\mathrm{i}\in I$
, $\langle h_{i},\mathrm{w}\mathrm{t}(b)\rangle=\varphi_{i}(b)-\epsilon_{\dot{\mathrm{g}}}(b)$ .
2 $B_{1},$ $B_{2}$ $B_{1}\otimes B_{2}$ , $\tilde{e}_{i},\tilde{f_{i}}f\mathrm{f}$
.
$\tilde{e}_{i}(b_{1}\otimes b_{2})=\{$
$\tilde{e}_{i}b_{1}\otimes b_{2}$ if $\varphi_{i}(b_{1})\geq\epsilon_{i}(b_{2})$ ,
$b_{1}\otimes\tilde{e}_{i}b_{2}$ if $\varphi_{i}(b_{1})<\epsilon_{i}(b_{2})$ ,
$\tilde{f_{i}}(b_{1}\otimes b_{2})=\{$
$\tilde{f}_{i}b_{1}\otimes b_{2}$ if $\varphi_{i}(b_{1})>\epsilon_{\mathrm{i}}(b_{2})$ ,
$b_{1}\otimes\tilde{f_{\mathrm{i}}}b_{2}$ if $\varphi i(b_{1})\leq\epsilon_{i}(b_{2})$ .
, “ $\tilde{e}_{i}$ ’ crystal $b_{1}\otimes b_{2}\otimes\cdots\otimes b_{N}(b_{i}\in B_{i},$ $1\leq$
$i\leq N)$ ? ” ,
(signature rule) .
1. crystal $b_{1}\otimes\ldots\otimes b_{N}$ , $+$ -











$\mathfrak{g}$ affine $\mathrm{K}\mathrm{a}\mathrm{c}$-Moody algebra $\circ c,$ $\delta$ canonical central
element, null root . weight lattice $\backslash$ $P= \sum_{i\in I}Z\Lambda_{i}+Z\delta$
dual weight lattice $P^{*}= \sum_{i\in I}Z\Lambda_{i}+Zd$ . $\mathrm{i}\in I$
, $\langle \mathit{5}, h_{i}\rangle=0$ canonical map $cl$ : $\mathfrak{h}^{*}arrow \mathfrak{h}_{cl}^{*}:=\mathfrak{h}^{*}/Q\delta$
. classical weight , $P_{cl}= \sum_{i\in I}Q\Lambda_{i}$ , crystal $B$








$l$ , classical crystal $B$ , $l$
perfect crystal . (see.[KM Nl])
(P1) $B\otimes B$ .
(P2) $\exists_{\lambda_{0}}\in P_{cl}\mathrm{s}.\mathrm{t}$ . $\mathrm{w}\mathrm{t}(B)\subset\lambda_{0}+\sum_{i\in I\backslash \{0\}\leq 0}Z\alpha_{i}$ and $\#(B_{\lambda_{0}})=1$
(P3) crystal (pseudo)base $U_{q}’\langle \mathfrak{g}$) .
(P4) $\forall_{b\in B},$ $\langle c, \epsilon(b)\rangle\geq l$ .
(P5) $\epsilon,$ $\varphi$ : $B\iota=\{b|\langle c, \epsilon(b)\rangle=l\}arrow(P_{cl}^{+})_{l}$ .
, $\min B_{l}$ minimal element .
3 Results
3.1 Definition
$l$ , $U_{q}’(D_{4}^{(3)})$ $l$
crystal
$B_{l}= \{(x_{1}, x_{2}, x_{3},\overline{x}_{3},\overline{x}_{2},\overline{x}_{1})|l-\sum_{i=1,2}(x_{i}+\overline{x}_{i})\geq(x_{3}+\overline{x}_{3})/2\in Zx_{i},\overline{x}_{i}\in Z\geq 0(i=1, 2,3)\geq 0\}$
. $l=1$ , (letter) .
$\fbox_{1}=(1,0,0,0,0,0)$ , $\fbox_{2}=(0,1,0,0,0,0)$ , $\fbox_{3}=(0,0,2,0,0,0)$ ,
$\fbox_{0}=(0,0,1,1,0,0))$ $\fbox_{\overline{3}}=(0,0,0,2,0,0)$ , $\fbox_{\overline{2}}=(\mathrm{O}, 0,0,0,1,0)$ ,
$\fbox_{\overline{\overline{1}}}=(0,0,0,0,0,1)$ , $\phi=(0,0,0,0,0,0)$ .
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$B_{l}$ $b=$ $(x_{1}, x_{2}, x_{3},\overline{x}_{3},\overline{x}_{2} ,\overline{x}_{1} )$ , $l$ $s(b)$
$s(b)=x_{1}+x_{2}+ \frac{x_{3}}{2}+\frac{\overline{x}_{3}}{2}+\overline{x}_{2}+\overline{x}_{1}$
, $b\in B_{l}$
(i) $s(b)>l$ , (ii) $\exists_{X_{i}}<0$ , (iii) $\exists_{\overline{x}_{i}}<0$
, $b=0$ (i.e. $b\not\in B_{l}$ ) .
$z_{1},$ $z_{2},$ $z_{3},$ $z_{4}\in Z$
$z_{1}=\overline{x}_{1}$ $-x_{1}$ , $z_{2}=\overline{x}_{2}-\overline{x}_{3}$ , $z_{3}=x_{3}-x_{2}$ , $z_{4}=(\overline{x}_{3}-x_{3})/2$
, .
$(E_{1})$ $z_{1}+z_{2}+z_{3}+3z_{4}\geq 0,$ $z_{1}+z_{3}+3z_{4}\geq 0,$ $z_{1}+z_{3}\geq 0,$ $z_{1}\geq 0$ ,
$(E_{2})$ $z_{1}+z_{2}+z_{3}+3z_{4}<0,$ $z_{2}+3z_{4}<0_{7}z_{2}<0,$ $z_{1}\geq 0$ ,
$(E_{3})$ $z_{1}+z_{3}+3z_{4}<0,$ $z_{3}+3z_{4}<0,$ $z_{4}<0,$ $z_{2}\geq 0,$ $z_{1}+z_{2}\geq 0$ ,
$(E_{4})$ $z_{1}+z_{2}+3z_{4}\geq 0,$ $z_{2}+3z_{4}\geq 0,$ $z_{4}\geq 0_{7}z_{3}<0,$ $z_{1}+z_{3}<0$ ,
(E5) $z_{1}+z_{2}+z_{3}+3z_{4}\geq 0,$ $z_{3}+3z_{4}\geq 0_{2}z_{3}\geq 0,$ $z_{1}<0$ ,
$(E_{6})$ $z_{1}$ $z_{2}+z_{3}+3z_{4}<0,$ $z_{1}+z_{2}+3z_{4}<0,$ $z_{1}$ $z_{2}<0,$ $z_{1}<0$ ,
$(F_{1})$ $z_{1}+z_{2}+z_{3}+3z_{4}>0,$ $z_{1}+z_{3}+3z_{4}>0,$ $z_{1}+z_{3}>0,$ $z_{1}>0$ ,
$(F_{2})$ $z_{1}+z_{2}+z_{3}+3z_{4}\leq 0,$ $z_{2}+3z_{4}\leq 0,$ $z_{2}\leq 0,$ $z_{1}>0$ ,
$(F_{3})$ $z_{1}+z_{3}+3z_{4}\leq 0,$ $z_{3}+3z_{4}\leq 0,$ $z_{4}\leq 0,$ $z_{2}>0,$ $z_{1}+z_{2}>0$ ,
$(F_{4})$ $z_{1}+z_{2}+3z_{4}>0,$ $z_{2}+3z_{4}>0,$ $z_{4}>0,$ $z_{3}\leq 0,$ $z_{1}+z_{3}\leq 0$ ,
$(F_{5})$ $z_{1}+z_{2}+z_{3}+3z_{4}>0,$ $z_{3}+3z_{4}>0,$ $z_{3}>0,$ $z_{1}\leq 0$ ,
$(F_{6})$ $z_{1}+z_{2}+z_{3}+3z_{4}\leq 0,$ $z_{1}+z_{2}+3z_{4}\leq 0_{\mathrm{J}}z_{1}+z_{2}\leq 0,$ $z_{1}\leq 0$ .
{ $b$ with $(X_{i}\rangle$ } $\cap$ { $b$ with $(Xj)$ } $=\emptyset$ if $i\neq j,$ $X=E,$ $F$.
$i=1\cup^{6}$ { $b$ with $(E_{i})$ }
$=\cup^{6}$ { $b$ with
$i=1$
$(F_{i})$ } $=Bl$ .
168
$B\iota$ crystal structure .
$\tilde{e}_{0}b=\{$
$\epsilon_{1}b:=(\ldots,\overline{x}_{1}+1)$ if $(E_{1})$ ,
$\epsilon_{2}b:=(\ldots, x_{3}-1_{7}\overline{x}_{3}-1, \ldots,\overline{x}_{1}+1)$ if $(E_{2})$ ,
$\mathcal{E}_{3}b:=(\ldots, x_{3}-2, \ldots,\overline{x}_{2}+1, \ldots)$ if $(E_{3})$ ,
$\epsilon_{4}b:=(\ldots, x_{2}-1, \ldots,\overline{x}_{3}+2, \ldots)$ if $(E_{4})$ ,
$\epsilon_{5}b:=(x_{1}-1, \ldots, x_{3}+1,\overline{x}_{3}+1, \ldots)$ if $(E_{5})$ ,
$\mathcal{E}_{6}b:=(x_{1}-1, \ldots)$ if $(E_{6})$ .
$\tilde{f}_{0}b=\{$
$\mathcal{F}_{1}b:=(\ldots,\overline{x}_{1}-1)$ if $(F_{1})$ ,
$;\mathrm{F}_{2}b:=(\ldots, x_{3}+1,\overline{x}_{3}+1, \ldots,\overline{x}_{1}-1)$ if $(F_{2})$ ,
$3b$ .— $(. . . , x_{3}+2, \ldots\}\overline{x}_{2}-1, \ldots)$ if $(F_{3})$ ,
$4b$ $:=(\ldots, x_{2}+1, \ldots,\overline{x}_{3}-2, \ldots)$ if $(F_{4})$ ,
$\mathcal{F}_{5}b:=(x_{1}+1, \ldots, x_{3}-1,\overline{x}_{3}-1, \ldots)$ if $(F_{5})$ ,
$6\mathrm{b}$ .–$-(\mathrm{x}_{1}+1, \ldots)$ if $(F_{6})$ .
$\tilde{e}_{1}b=\{$
$(. . . ,\overline{x}_{2}+1,\overline{x}_{1}-1)$ if $\overline{x}_{2}-\overline{x}_{3}\geq(x_{2}-x_{3})_{+}$ ,
$(. . . , x_{3}+1,\overline{x}_{3}-1, \ldots)$ if $\overline{x}_{2}-\overline{x}_{3}<0\leq x_{3}-x_{2}$ ,
$(x_{1}+1, x_{2}-1, \ldots)$ if $(\overline{x}_{2}-\overline{x}_{3})_{+}<x_{2}-x_{3}$ .
$\tilde{f}_{1}b=\{$
$(x_{1}-1, x_{2}+1, \ldots)$ if $(\overline{x}_{2}-\overline{x}_{3})_{+}\leq x_{2}-x_{3}$ ,
$(. . . , x_{3}-1,\overline{x}_{3}+1, \ldots)$ if $\overline{x}_{2}-\overline{x}_{3}\leq 0<x_{3}-x_{2}$ ,
$(. . . ,\overline{x}_{2}-1,\overline{x}_{1}+1)$ if $\overline{x}_{2}-\overline{x}_{3}>(x_{2}-x_{3})_{+}$ .
$\tilde{e}_{2}b=\{$
$(. . . ,\overline{x}_{3}+2,\overline{x}_{2}-1, \ldots)$ if $\overline{x}_{3}\geq x_{3}$ ,
$(. . . , x_{2}+1, x_{3}-2, \ldots)$ if $\overline{x}_{3}<x_{3}$ .
$\tilde{f}_{2}b=\{$
$(. . . , x_{2}-1, x_{3}+2, \ldots)$ if $\overline{x}_{3}\leq x_{3}$ ,
$(. . . ,\overline{x}_{3}-2,\overline{x}_{2}+1, \ldots)$ if $\overline{x}_{3}>x_{3}$ .
$B_{1}$ crystal graph .
, 0-arrow .
$B_{l}$ tableaux . $B_{l}$ $U_{q}(G_{2})$-crystal ,
$\oplus_{n=0}^{l}B(n\Lambda_{1})$ . , $B(n\lambda_{1})$ $n\Lambda_{1}$
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crystml . $B(n\Lambda_{1})$ , total order letter
$\fbox_{1}\prec\fbox_{2}\prec\fbox_{3}\prec\fbox_{0}\prec\fbox_{\overline{3}}\prec\fbox_{\overline{2}}\prec\fbox_{\overline{1}}$
. $n=1$ crystal graph ,
$arrow\fbox 12arrow\fbox 23$ $\fbox_{0}arrow\fbox_{1\overline{3}}arrow\fbox_{2\overline{2}}arrow 1$




(1, 2, 3, 1, 0, 2)
, letter $\phi$ , $b\in B_{l}$ $l$ tableaux
. $B_{l}$ total order letter
$\fbox_{1}\prec\fbox_{2}\prec\fbox_{3}\prec\fbox_{0}\prec\fbox_{\overline{3}}\prec\fbox_{\overline{2}}\prec$ $\prec\phi$
. b\in B .
$x_{0}=( \frac{x_{3}}{2}-[\frac{x_{3}}{2}])+(\frac{\overline{x}_{3}}{2}-[\frac{\overline{x}_{3}}{2}])\in\{0,1.\}$
$s(b)$ tableau $b\in B_{l}$ $1_{\mathit{1}}\backslash$ .
3.2 Perfect crystals
. , \mbox{\boldmath $\zeta$}\mbox{\boldmath $\zeta$} 7 perfect
crystal (P1), (P4), (P5) .




$\epsilon,$ $\varphi$ : $\min B_{l}arrow(P_{\mathrm{c}l}^{+})_{l}$ .
$(\alpha, \beta, \beta, \beta, \beta, \alpha)\mapsto(l-2\alpha-3\beta)\Lambda_{0}+\alpha\Lambda_{1}+\beta\Lambda_{2}$ .
$\bullet$ minimal element .
$\min B_{l}=\{(\alpha, \beta, \beta, \beta, \beta,\alpha)|\alpha, \beta\in Z\geq 0,2\alpha+3\beta\leq l\}$ .
, 7 minimal element .
$\min B_{1}=\phi$
$\min B_{2}=\min B_{1}\cup\{(1,0,0,0,0,1)\}$ ,
$\min B_{3}=\min B_{2}\cup\{(0,1,1,1_{7}1,0)\}$ ,
$\min B_{4}=\min B_{3}\cup\{(2,0,0,0,0,2)\}$ ,
$\min B_{5}=\min B_{4}\cup\{(1,1,1,1,1,1)\}$ ,
$\min B_{6}=\min$ $B_{5}\cup\{(3,0,0,0,0,3), (0,2,2,2,2,0)\}$ ,
$\min B_{7}=\min B_{6}\cup\{(2,1,1,1,1,2)\}$ .
3.3 Crystal structure of $U_{q}(A_{2})$
$B_{l}$ crystal graph 2-arrow
.
2 $l$ , $\mathrm{i},j_{0},j_{1}$ .
$0 \leq\dot{\mathrm{z}}\leq[\frac{l}{2}]$ , $\mathrm{i}\leq j_{0},j_{1}\leq l-i$ , $j_{0}\leq j_{1}$
(1)b-\sim $=(0, y_{1}, -2y_{1}+3y_{0}+\mathrm{i}, y_{0}+\mathrm{i}, y_{0}+j_{0},0);y_{a}=(l-i-j_{a})/3$
$(a=0,1)$ .
(2) $B_{l}$ crystal graph $Pp$-arrow
, $\overline{b}_{j_{0},j_{1}}^{l,i}$ $B_{j_{0},j_{1}}^{l,i}$ .
2)$\sigma 3$
$\{(\begin{array}{lll}j_{0}+j_{\mathrm{l}}-p-r r p0 j_{1}+p-q q-p\end{array})$ $p\leq q\leq j_{1}+p$ ,$0\leq r\leq j_{0}+q-2p0\leq p\leq j_{0},\}$
$\Leftrightarrow\overline{7\mathrm{C}}$
$(\mathrm{i},j)$ i-th row $(\mathrm{i}=1,2)$ \yen *L letter $\fbox_{j}(j=1,2,3)$
2-row tableau $t(p,q, r)$ , $t(p_{)}q, r)$
$B^{A_{2}}$ ($j\mathrm{o}^{\Lambda}0$ $j_{1}\Lambda_{1}$ ) . letter
$\mathrm{w}\mathrm{t}(\fbox_{1})=\Lambda_{0}$ , $\mathrm{w}\mathrm{t}(\fbox_{2})=\Lambda_{1}-\Lambda_{0}$ , $\mathrm{w}\mathrm{t}(\fbox_{3})=-\Lambda_{1}$
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[KN] , $t(p, q_{\}}r)$ $\tilde{e}_{i},\tilde{f}_{\dot{\tau}}(\mathrm{i}=0,1)$
, $U_{q}(A_{2})$ crystal structure .
$\tilde{e}_{0}t(p, q,r)=\{$
$t(p, q_{7}r-1)$ if $r>0$ ,
0 if $r=0$ ,
$\tilde{e}_{1}t(p, q, r)=\{$
$t(p-1, q-1,r+1)$ if $p>0,p-q+r\geq 0$ ,
$t(p, q+1, r)$ if $p-q+r<0$ ,
0if$p=0,p-q+r\geq 0$ ,
$\tilde{f}_{0}t(p_{2}q,r)=\{$
$t(p, q, r+1)$ if $0\leq r<j_{0}+q-2p$ ,
0 if $r=j_{0}+q-2p$ ,
$\tilde{f}_{1}t(p,q, r)=\{$
$t(p+1, q+1_{7}r-1)$ if $p\leq q<p+r$ ,
$t(p,q+1, r)$ if $p+r\leq q<j_{1}+p$ ,
0if$p+r\leq q=j_{1}+p$ .
crystal $B$ , $B\simeq B^{A_{2}}(j_{0}\Lambda_{0}+j_{1}\Lambda_{1})$
“$B$ $U_{q}(A_{2})$
crystal structure ” .
3 $l\in Z_{>0}$ :
$B_{l}=\mathrm{u}_{i=0}^{[\frac{\iota}{2}]}\mathrm{u}_{j_{0},j_{1}\equiv l-i\mathrm{m}\mathrm{o}\mathrm{d} 3}i\leq j_{0},j_{1}\leq l-^{B_{j_{0},j_{1}}^{l,i}}$ , $B_{j_{0},j_{1}}^{l,i}\simeq B^{A_{2}}(j_{0}\Lambda_{0}+_{J\acute{1}}\Lambda_{1})$ .
4 On O-action
, $U_{q}(D_{4}^{(3)})$ crystal rule of 0-action
$\prime_{\sqrt}\mathrm{a}$
. 2 Dynkin
$D_{4}^{(3)}$ $0_{\circ-^{1}\circ\not\in 0^{2}}$ , $G_{2}^{(1)}$ $0_{\circ-^{1}\circ\ni 0^{2}}$
2vertex square root $\text{ }\downarrow \mathrm{b}$ 3:1
$U_{q}(G_{2}^{(1)})$
crystal graph 2-arrow 3 \beta
$U_{q}(D_{4}^{(3)})$ crystal graph $\Pi\overline{-}\ovalbox{\tt\small REJECT}^{1}\mathrm{J}$ t $|_{\sqrt}1$
$\not\in$:g,\cup ‘‘ $\mathrm{A}\mathrm{l}$ .
[Y] $U_{q}(G_{2}^{(1)})$ crystal ,
$-arrow \mathrm{A}\vec{\overline{\mathrm{p}}}\mathrm{f}\mathrm{l}\theta \mathrm{X}$
$U_{q}(D_{4}^{(3)})$ crystal rule of $0- \mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\not\in$:F ,l“\not\equiv {\S
$\beta \mathrm{f}\mathrm{l}$
.
(Y1) $B_{l}\simeq\oplus_{i0}^{[\frac{l}{=2}]}\oplus_{i\leq j_{0},j_{1}\leq l-i}B_{j_{0},j_{1}}^{l,i}$ , B $B^{A_{2}}(j_{0}\mathrm{A}_{0}+j_{1}\Lambda_{1})$ .
(Y2) B ,
$\exists 1\overline{b}_{j_{0},j_{1}}^{l,i}\in B_{j_{0},j_{1}}^{l,i}\mathrm{s}.\mathrm{t}$. $\varphi_{a}(\overline{b}_{j_{0},j_{1}}^{l,i})=j_{a}$, \epsilon a(b-jl Il) $=0(a=0,1)$ .
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(Y3) 0-strmg $\{\tilde{f}_{0}^{p}\overline{b}_{j_{0},l-i}^{l,i}|0\leq p\leq j\mathrm{o}\}$ explicit 4
$U_{q}(G_{2}^{(1)})$ 15 . $U_{q}(G_{2}^{(1)})$ crystal graph
(see. q-alg/9712012, Figure 1) 2-arrow 3 letter ,
$\{\fbox_{1}, \fbox_{2}, \fbox_{6},\overline{0_{2}\mathrm{u}}, \fbox_{\overline{6}}, \fbox_{\overline{2}}, \fbox_{\overline{1}}, \phi\}$ $U_{q}(D_{4}^{(3\rangle})$ \not\cong fR
. letter $\fbox_{6},$ $\fbox_{02}$, $\fbox_{6}$ $\fbox_{3},$ $\fbox_{0},$ $\fbox_{\overline{3}}$
, $U_{q}(D_{4}^{(3)})$ crystal graph 31 . $l$
$U_{q}(D_{4}^{(3)})$ , $j\mathrm{o},j_{1}$
$0\leq \mathrm{i}\leq[l/2]$ $\mathrm{i}\leq j_{a}\leq l-\mathrm{i},$ $j_{a}\equiv l-\mathrm{i}\mathrm{m}\mathrm{o}\mathrm{d} 3(a=0,1)$
. $y_{0)}y_{1}$ $y_{a}=(l-\mathrm{i}-j_{a})/3(a=0,1)$
, 0-action 2-action $\urcorner \mathrm{f}J$
^
( $D_{4}^{(3)}$ vertexO 2
$\neq_{\backslash \coprod}^{l\pm}!)$ , $\tilde{e}_{2}^{y1}\overline{b}_{j_{0},l-i}^{l,i}$ 1-signature ,
$\tilde{f}_{0}^{p}\overline{b}_{j_{0},j_{1}}^{l,\dot{x}}=\tilde{f}_{0}^{p}\overline{b}_{j_{0},l-i-3y_{1}}^{l,i}=\tilde{f}_{0}^{p}\tilde{e}_{2}^{y_{1}}\overline{b}_{j_{0},l-i}^{l,i}=\tilde{e}_{2}^{y_{1}}\tilde{f}_{0}^{p}\overline{b}_{j_{0},l-i}^{l,\mathrm{i}}$
. 0-string $\{\tilde{f}_{0}^{p}\overline{b}_{j_{0},j_{1}}^{l,i}|0\leq p\leq j_{0}\}$ –$\nearrow\backslash \mathrm{B}\sqrt*$
. $B_{j_{0},j_{1}}^{l,i}$ $U_{q}(A_{2})$ crystal structure ,
$\ovalbox{\tt\small REJECT}\tilde{f}_{0}^{p}\overline{b}_{j\mathrm{o}}^{l_{1}i}$
,$j_{1}=\{$
$\tilde{f}_{1}^{q}\tilde{f}_{0}^{p+1}\overline{b}_{j_{0\}}j_{1}}^{t,i}$ if $0\leq p<j\mathrm{o},$ $p\geq q$ ,
0if$p=j_{0},$ $p\geq q$
. , 0-string .
$S_{p,q,r}^{l,i}=\{\tilde{f}_{0}^{s}\tilde{e}_{2}^{r}\tilde{f}_{1}^{q}\tilde{f}_{0}^{p}\overline{b}_{j_{0},j_{\text{ }}^{}l,i}=\tilde{f}_{2}^{r}\tilde{f}_{1}^{q}\tilde{f}_{0}^{p+s}\overline{b}_{j_{0},j_{1}}^{l,i}|0\leq s\leq j_{0}-p\}$




$\ovalbox{\tt\small REJECT}_{(\tilde{f}_{2}^{r}\tilde{f}_{1}^{q}\tilde{f}_{0}^{\mathrm{p}+s+1}b_{\dot{J}0,\overline{\mathcal{J}}1}^{l,i}))}\vee$ $=(\tilde{f}_{2}^{r}\tilde{f}_{1}^{q}\tilde{f}_{0}^{p}+\mathrm{s}\overline{b}_{J\mathrm{o},\dot{J}1}^{l_{2}i})^{\mathrm{V}}$ ,
where $p\geq q\geq 0,0\leq s\leq j_{0}-p-1,$ $-\epsilon_{2}(\tilde{f}_{1}^{q}\tilde{f}_{0}^{p}\overline{b}_{j,0,j_{1}}^{l,i})\leq r\leq\varphi_{2}(\tilde{f}_{1}^{q}\tilde{f}_{0}^{p}\overline{b}_{j,0_{\mathrm{J}}}^{l,\mathrm{i}},’)$ .
[Y] $U_{q}(G_{2}^{(1)}\rangle$ 2 crystal graph (q-alg/9712012, Fig-
ure 9) , $0\leq p<j_{0},$ $p<q_{7} \min(j_{0},j_{1})>\mathrm{i}$
$\ovalbox{\tt\small REJECT}\tilde{f}_{1}^{q}\tilde{f}_{\mathit{0}}^{p}\overline{b}_{j_{0},j_{1}}^{l,i}=\mathcal{F}_{1}\tilde{f}_{1}^{q}\tilde{f}_{0}^{p}\overline{b}_{j_{0},j_{1}}^{l,i}$, $\overline{f}_{0}(\tilde{f}_{1}^{q}\tilde{f}_{0}^{p}b_{j}^{l}\mathrm{j}_{(11},)‘=\mathcal{F}_{6}(\tilde{f}_{1}^{q}\tilde{f}_{0}^{p}\overline{b}_{j_{0},j_{1}}^{li}))^{\vee}$
.
$B’:= \{\tilde{f}_{1}^{q}\tilde{f}_{0}^{p}\overline{b}_{j_{0},j_{1}}^{l,i}|0\leq p\leq j_{0}, p<q\leq j_{1}+p, \min(j_{0},j_{1})=\mathrm{i}\}$.
. [Y] $U_{q}(D_{4}^{(3)})$ crystal graph
$\forall_{b\in B^{\prime\exists}r\in Z}$, $\mathrm{s}.\mathrm{t}$ . $\tilde{f}_{2}^{r}b\not\in B’$
$\mathrm{t}73$
.
$\{\tilde{f}_{0}^{s}\tilde{f}_{1}^{q}\tilde{f}_{0}^{p}\overline{b}_{j_{0},j_{1}}^{l,i}|0\leq s\leq j_{0}+q-2p\}$; $0\leq p<j_{0},$ $p<q,$ $\min(j_{0},j_{1}\rangle=i$
$S_{p,q,r}^{l,i}$ .
, $l$ tableau O-action
. $l$ $U_{q}(D_{4}^{\langle 3)})$ crystal 0-action ,
$l$ tableau 0-action union .
5 crystal graph , 0-action 6





3.1 $(F_{1}),$ $(F_{2}),$ $(F_{3})_{7}(F_{4})$ , $(F_{5}),$ $(F_{6})$ . (2004 2 )
5 Future problems
$U_{q}’(D_{4}^{(3)})$-crystal 0-action , crystal structure
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